Abstract -In this paper the statistical consistency of the singlephase Admittance Matrix-Based State Estimator (AMB SE) originally proposed for distribution systems is for the first time assessed and compared to that of the widely used Traditional SE (TSE). The AMB SE is an interesting alternative for distribution systems given the use of a constant Gain matrix, thus simplifying its implementation and significantly reducing the computational time. However, it is crucial to statistically assess its consistency so as to ensure estimated values and variances (outputs) are in agreement with the specified measurements and variances (inputs). This is carried out using a Monte Carlo analysis and a generic 16-bus UK distribution system. Despite the conversion from actual to equivalent measurements required by the AMB SE, as well as the approximations regarding the variances of the equivalent measurements, the results demonstrate that the single-phase AMB SE is as consistent and precise as the TSE.
INTRODUCTION
State Estimators are used in power systems to filter errors of the measurement process providing the most likely state of the network and the corresponding estimated variances [1] , [2] . Nowadays, state estimators can be seen as consolidated tools in transmission systems, however, the same level of maturity has not yet been reached in distribution systems. This is mainly due to the traditional passive nature of the latter which in general has resulted in a low level of automation, monitoring and communication. Nonetheless, the transition towards much more observable and controllable distribution systems (as part of the Smart Grid concept) will certainly provide the requirements to consolidate SE in distribution systems, enabling the development of applications such as optimal feeder reconfiguration, Volt/VAR control, fault location, and demand-side management [3] , [4] .
The particular features of distribution systems pose significant challenges to the adoption of state estimators. In addition to the low level of redundancy on the set of measurements, the typical high r/x ratios, the radial or weakly meshed topology and the unbalanced nature of loads, require the use of a more detailed representation [2] , [3] . In this context, particular attention has been given to SEs that result in constant and better conditioned Gain matrices, which also speeds up the estimation process. For instance, in [5] an Admittance Matrix-Based State Estimator (AMB SE) was proposed explicitly for distribution systems considering real and imaginary parts of complex voltages as state variables and adopting the conversion from actual to equivalent measurements. This method was extended in [6] by introducing a fast decoupled formulation. According to [6] , the approach results in a constant Gain matrix. However, to reach this advantage, the variances of the equivalent measurements need to be considered constant, which is an approximation [7] .
In the absence of bad data (i.e., gross errors in measurements and/or parameters), the estimated variances can be seen as a metric for the quality of the estimated quantities. This is because the smaller the estimated variances, the closer the estimates fit the measured values. This concept was first applied in [8] to assess the statistical consistency of distribution system state estimators and it was concluded that the single-phase Traditional State Estimator (TSE) is consistent. In the TSE the measurements are power flows, power injections and voltage magnitudes, while the sate variables are the magnitudes and angles of the bus voltages. The TSE formulated in [8] adopted the normal equation.
In this work, the statistical consistency of the AMB SE is for the first time assessed and compared to that of the widely used TSE formulated via normal equation. This analysis is carried out using a Monte Carlo approach, considering 2,000 simulations in each assessed scenario. Moreover, convergence problems of the AMB SE associated with the presence of voltage measurements are highlighted. A simple approach is proposed to prevent such problems making the AMB SE much more robust. The studies are carried out using a generic 16-bus UK distribution system.
In the next section the main aspects of the TSE and the AMB SE are presented. In section III the concept of consistency is introduced and discussed. The procedure adopted to assess consistency is also described. The results are presented in section IV and the conclusions are drawn in section V.
II. STATE ESTIMATORS FOR DISTRIBUTION SYSTEMS
In this section, the main aspects of the Traditional State Estimator suitable to transmission and distribution system, and the Admittance Matrix Based State Estimator are presented.
A. Traditional State Estimator
Given a set of measurements z and the corresponding variances, a SE provides the most likely estimate for state variables x. The measured values are related to the state variables through the measurement functions h(x) and measurement errors vector e, as in (1) .
The typical estimate for x is obtained using the formulation via the normal equation and considering the Weighted Least Squares (WLS) approach [1] , [2] . Applying the Gauss-Newton method, the state variables are calculated solving iteratively (2) , where H(x) is the Jacobian matrix, W is a diagonal weighting matrix and H(x)'W H(x) is the Gain matrix.
In the TSE the voltage magnitudes and angles are adopted as state variables, while the available measurements can be the active and reactive powers as well as voltages magnitudes. Therefore, H(x) contains nonlinear equations which result in a nonlinear Gain matrix that needs to be updated and factorized at each iteration v.
As a very interesting alternative to the TSE, the AMB SE presents a constant Gain matrix that is factorized just once, hence reducing the computational time. In addition, since the Jacobian matrix contains admittances and unitary values instead of nonlinear equations [5] , the AMB SE is easier to implement.
B. Admittance Matrix based State Estimator
This approach adopts the real and imaginary parts of the complex bus voltages as state variables. The available active and reactive powers as well as voltage magnitudes are converted into equivalent complex currents and voltages. The real and imaginary parts of these equivalent measurements are assumed as available measurements [5] , [6] and [7] . Thus, H(x) contains conductances and susceptances as well as unitary values associated to voltage equivalent measurements. Additionally, if the variances of the equivalent measurements are constant, the resulting Gain matrix is also constant [2] .
It is worth highlighting that despite the use of a constant Gain matrix, the adoption of the normal equation formulation, the use of the Weighted Least Squares (WLS) approach, and the application of the Gauss-Newton method, the solution process is still iterative (3). This is because the equivalent measurements depend on the state variables and must be updated at each iteration. Nonetheless, given that the Gain matrix is constant, it is factorized just once, thus making the iterations of the AMB SE significantly less expensive in computational terms.
In order to convert actual available measurements in equivalent complex measurements, it is assumed that power measurements are available in pairs. The active and reactive power injections ( are converted according to (4) . Note that the current calculated voltages are required, which means that these equivalent measurements need to be updated at each iteration. Equation (5) is used to convert actual voltage magnitude measurements into their equivalent complex forms. Again, these measurements are updated at each iteration.
The variances of equivalent measurements are derived from measurement variances. This can be done using the error propagation theory and assuming some approximations [9] . To make these variances constant, the last estimated estate or the state calculated by a power flow can be adopted [5] , [6] and [9] .
C. Convergence of the AMB SE
According to (4), one pair of power measurements (active and reactive powers) is required to obtain one pair of equivalent current measurements, i.e., the real and imaginary parts of the equivalent complex current. However, according to (5), one actual magnitude voltage measurement is converted into a pair of equivalent measurements, i.e., the real and imaginary parts of the equivalent complex voltage. Therefore, the number of equivalent voltage measurements is doubled. As a consequence, the observability of the system and the redundancy of the set of measurements are artificially improved. Indeed, it was found that some convergence problems can be faced by the AMB SE when voltage measurements are located far from the substation and voltage angles deviate from zero. In order to solve these issues, it is proposed to discard the imaginary parts of the complex equivalent voltage measurements given that, in general, they are close to zero. Thus, only the real parts of the complex equivalent voltages are included in the AMB SE.
D. General Aspects of Distribution Systems
Due to the lack of monitoring devices in distribution systems, pseudo and virtual injection measurements are required to make a system observable. The pseudo measurements are typically obtained from historical data or it can be obtained from low voltage smart meters [10] . The virtual measurements are perfect high quality zero injections obtained from nodes without loads and generators. The inaccuracy inherent to the pseudo measurements is addressed by associating them to higher errors and variances, while the high accuracy of virtual measurements requires adopting very small variances. In order to accomplish these requirements, the specified standard deviations are obtained using (7) III. CONSISTENCY OF STATE ESTIMATORS Given the system topology and parameters, a SE requires a set of measurements and its specified variances to provide the estimated state and the variances of the estimated quantities. Assuming the absence of gross errors, the smaller the estimated variances, the closer the estimated variables are to the expected values and, therefore, the more the estimated variables fit the available measurements. In this context, a consistent SE must provide estimated values and variances that are consistent or in agreement with the specified measurements and variances. This concept was first applied in [8] to assess the statistical consistency of distribution system state estimators. It was concluded that the TSE was consistent and suitable for state estimation in balanced medium voltage power systems.
In a consistent SE, if the measurements errors e follow a normal distribution, the consistency index (8) follows a χ 2 -distribution with n degrees of freedom, where n is the number of state variables [8] , [11] . In (8), x is the estimated state and true x is the true state obtained from a power flow run. For a specified confidence level α, a consistent SE will have a consistency index between the bounds in (9).
In order to carry out an adequate consistency assessment, a Monte Carlo analysis is required. In this case, for a consistent SE, the mean of ϵ will tend to the number of state variables n [8] The measurements used in the Monte Carlo simulations are obtained adding errors to the true value of the measurements true i z , according to (9) . These errors should follow a normal distribution, therefore, bi is a normally distributed random variable with zero mean and unitary variance. The true values of the measurements are obtained from a power flow run. Fig. 1 illustrates the procedure used for consistency assessment. 
IV. CASE STUDY

E. UKGDS EHV Simplified Network
The 16-bus UK Generic Distribution System (GDS) EHV Simplified Network presented in Fig. 2 is adopted in the case study [12] . Since this system is fairly balanced, the single-phase SE will be adopted. Thus, the number of state variables is 31. The feeders are supplied by 30MVA 132/33kV transformers. A voltage regulator is located between buses 8 and 9. The power base is 100MVA. 
F. Measurements
The available measurements are shown in Table I . In case A there are monitors only at the substation and in case B monitors are added to the two biggest loads (buses 5 and 11). The errors for voltages εv% are assumed to be 0.1%, 0.5% or 1% depending on the assessed scenario. The errors for power flow measurements are 3% and the errors for pseudo measurements are 30%. The variances for virtual measurements are 10 -8 . 
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G. Convergence Analysis Fig. 3 presents the convergence of the AMB for both measurement sets. In case A the convergence is reached with 4 iterations for a tolerance equal to 10 -5 . In this case there is only one voltage magnitude measurement that is placed at the substation with an angle equal to zero (reference bus). In case B, if we consider the original AMB SE, i.e., the real and imaginary parts of the equivalent complex voltages, the convergence is not reached even for a smaller tolerance of 10 -4 . Consequently, it can be said that, in general, the farther the voltage measurements are from substation, the worse the convergence. However, if we include only the real parts of the equivalent complex voltages, as proposed in this paper, the convergence of the AMB is reached with 4 iterations for a tolerance equal to 10 -5 . Even for smaller tolerances the convergence can be reached with a few iterations. This demonstrates the good convergence features of the AMB when adopting the proposed procedure. 
H. Consistency Evaluation
Here a consistency evaluation is carried out considering the proposed procedure for considering equivalent complex voltage measurements. Fig. 4 and Fig 5 present the consistency index ϵ over the Monte Carlo simulations for the TSE and AMB SE considering the peak load, εv% =0.1% and the first set of measurements (case A). The bounds calculated for different confidence levels are also shown. It can be seen that in almost all 2,000 simulations the values of ϵ lie within the specified limits, which indicates that both SE are consistent.
In Tables II, III and IV, the AMB SE and the TSE are compared in terms of consistency and quality of the estimates. Tables II and III refer to the first set of measurements (case A) while Table IV refers to the second set of measurements (case B). It can be seen in all tables that ϵ tends to the number of state variables, again indicating that both estimators are consistent. In addition, according to the results presented in these tables, the consistency is not significantly affected by the load level, the quality of the voltage monitor placed in substation, or the set of measurements. However, the convergence and the quality of the estimates can change with these aspects. For example, according to Table III, the average value of φ = (
increases with the errors of the voltage monitor placed at the substation.
Regarding the quality of the estimates, the results indicate that both estimators present very similar and adequate behaviors. Despite the additional iterations required by the AMB SE in some simulated cases, its constant Gain matrix is factorized only once. This result in a significant reduction in the computational times, particularly for large scale networks. Fig. 6 to Fig. 9 present the estimated voltages and the corresponding estimated standard deviation for both estimators considering the peak demand and two different accuracies for the voltage monitors. Fig. 6 and Fig. 7 refers to the first set of measurements (case A) while Fig. 8 and Fig. 9 refers to the second set of measurements (case B). It can be observed that both estimators present very close estimated voltages and standard deviations.
I. Estimated Voltages and Variances
Comparing Fig. 6 to Fig .7 it can be observed that when the accuracy of the voltage meter increases, the estimated variances for voltages decrease. The same can be observed when comparing Fig. 8 and Fig. 9 . Additionally, comparing Fig. 6 to Fig. 8 it can be seen that when the number of accurate measurements increases, the estimated variances for voltages decrease. This can also be verified when comparing Fig. 7 to Fig.  9 . This behavior is expected for a consistent state estimator. 
V. CONCLUSIONS
In this paper the consistency of the AMB SE originally proposed for distribution systems was assessed. Some convergence problems of the AMB SE, associated with the presence of voltage magnitude measurements were highlighted. More importantly, a simple procedure to solve this issue was also proposed.
Despite the conversion from actual to equivalent measurements required by the AMB SE, as well as the approximations in variances of the equivalent measurements, the results on a generic 16-bus UK distribution system demonstrate that, considering the proposed procedure to incorporate equivalent complex voltages, the single-phase AMB SE is as consistent and precise as the single-phase TSE. As expected for consistent SEs, the average consistency index of both SEs was found to converge to a value close to number of state variables, i.e., 31.
Based on the above, the AMB SE becomes a viable alternative for state estimation in distribution systems since the use of a constant Gain matrix makes this SE easier to implement and less time consuming than the TSE.
It is important to highlight that the results presented in this paper correspond to the single-phase AMB SE. The three-phase implementation, needed for more detailed analysis of distribution systems, would require some special considerations such as establishing adequate angular references and, therefore, the findings cannot be generalised. Consequently, a similar thorough assessment is required to verify the consistency of the three-phase AMB SE.
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